We discuss all-to-all propagators in the context of high statistical precision determinations of the isovector and isoscalar meson spectrum. In particular we look at the method of Ref.
Introduction
In meson spectroscopy, many symmetry channels can be easily explored by the use of extended operators that spatially separate the quark and antiquark. The possible gluonic paths connecting the pair give access to a new range of symmetry channels other than those achieved using only gamma matrix operations [1] and allows us to construct a large variational basis of operators. Unfortunately, the introduction of the gauge fields into the operator give rise to large fluctuations over an ensemble of gauge backgrounds. The use of all-to-all propagators is necessary to exploit translational invariance, utilise all information contained in the gauge fields and reduce the effect of these fluctuations in correlation functions.
As well as offering a method for high-accuracy measurements of isovector mesons, the practical all-to-all propagator scheme of Ref. [2] provides a framework to study isoscalar states in detail. The isoscalar mesons of QCD remain poorly understood phenomenologically. In particular, the J PC = 0 ++ sector contains a range of experimentally observed resonances that are difficult to interpret unambiguously in a quark model picture. These states have proved difficult to investigate in lattice simulations, since they require the calculation of disconnected correlation functions of quark propagators, that are inaccessible to the usual point propagator method of lattice QCD. The disconnected correlation functions, like those of the extended operators, suffer from having large fluctuations over an ensemble of gauge backgrounds.
Here, we present preliminary results from an investigation into the statistical accuracy achieveable using this method for a wide range of states in isovector channels. We evaluate the low-lying eigenmode dependence of correlation functions for some of these channels and also look at the 0 ++ and η ′ isoscalar channels.
The all-to-all propagator
In order to investigate correlation functions of all symmetry channels of isovector and isoscalar mesons, access to all entries of the quark propagator is desirable to exploit the self-averaging effects of translational invariance and allow the straight forward implementation of extended operators. Many algorithms to compute or estimate these have been devised, for example see Refs. [3, 4] . In this work, we utilise an exact implementation which employs a hybrid method that combines an eigenvector decomposition with a variance-reduced stochastic estimator [2] .
To construct the all-to-all propagator, the lowest N ev eigenmodes of the hermitian Dirac matrix Q = γ 5 M are first computed, and a truncated spectral decomposition of the propagator is then given byQ
If N ev is equal to the dimension of the matrix, thenQ 0 = Q −1 , otherwise the propagator can be expressed as 2) and the truncation in the eigenvector representation can be corrected by estimatingQ 1 stochastically. To construct a stochastic estimate of the inverse of a matrix, A, an ensemble of random noise
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where . . . denotes the ensemble average, is generated. The solution vectors,
can then be computed, typically using a conjugate gradient algorithm, and A −1 is estimated from
.
(2.4)
If we let X (x, y) = η(x)η(y) † , the variance of the trace of the matrix inverse due to the stochastic estimation is essentially composed of two summations [5] ,
The action of the matrix to be estimated,Q 1 , can be implemented by noting that
where P 1 is a projection operator onto the vector space orthogonal to the N ev eigenvectors, so
and the action of P 1 is equivalent to Gram-Schmidt orthogonalisation with respect to the computed eigenvectors. For accessible numbers of eigenvectors, the stochastic estimator in its simplest form is noisy. We choose to "dilute" the noise vector, which results in rapid variance reduction. In this context, dilution means creating a set of noise vectors by applying a set of masks to a single noise source. These masks might for example select a particular time-slice of the vector (referred to as time dilution), thus returning N T noise vectors from each single noise source.
One can then decompose the ensemble of noise vectors into each of the N dil dilution subspaces,
Additional to Eqn. (2.3), the subspace dilution now implies
even before expectation values are taken. In Eqn. (2.5), we can see that dilution will, therefore, reduce the first summation, ∑ x =y , to a sum where x and y are in the same dilution subspace before expectation values are taken. This reduction in the summation is true for any white noise and in the
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In principle, the method of dilution can be optimised to reduce the variance. Time dilution has been seen to be crucial and leads to an exponential error reduction. While the variance falls off more rapidly than 1/ √ N for all further dilutions, little dependence on the details of this further dilution has been observed in simulations performed to date.
An efficient implementation
The method can be implemented efficiently in software by use of a "hybrid list" method. Two lists of N HL = N ev + N dil vectors u and w are written,
Then the inverse of M is written as a single sum over the pair of lists
To compute a two-point correlation function for an isovector meson requires two further steps. Pairs of hybrid lists from two independent noise sources, r and s, are combined to form an N HL × N HL matrix or operator field,
where Γ A is an operator on a time-slice that creates a meson with the desired quantum numbers. This stage of the construction is the only point where this operator is invoked, and so an efficient user-friendly implementation can be written. The end user need only write a function to perform the operation of Eqn. (3.4) , and this is a simple task for most mesons. The two-point correlation function between source A and sink B is computed from
Since most operators can be constructed to have positive hermiticity we can achieve a large variational basis simply by combining different source and sink operator fields as long as we ensure that the sample and hybrid list indices are summed correctly. For isoscalar mesons, the disconnected diagram must also be computed. This can be done very straightforwardly using the hybrid list trick. The disconnected two-point function for source A and sink B is
(3.6)
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Results
The method has been employed in a preliminary computation of the masses of isovector and isoscalar mesons of N f = 2 dynamical QCD on a tuned anisotropic lattice [7] with renormalised anisotropy, ξ = 6 and a lattice spacing of a s ∼ 0.17fm (a −1 t ∼ 7GeV). An ensemble of between 225-250 8 3 × 80 and 12 3 × 80 lattices was used, with a quark mass around that of the strange. The details of the simulation parameters can be found in [6] .
The spectrum of light and heavy-light mesons was computed using the method, including the S-and P-wave quark model states and an exotic hybrid, with quantum numbers 1 −+ .
Eigenmode dependence
It has been shown, in [2] , that the explicit inclusion of low-lying eigenmodes can dramatically improve the determined statistical error of correlation functions. To investigate the number of eigenmodes necessary to achieve this improvement we look at the behaviour of the fitted mass in a constant fitting region while varying the number of eigenmodes (and also the dilution level) for various symmetry channels. The fitting region is chosen according to the best fit achievable with the highest dilution and number of eigenmodes. As an illustration of the observed behaviour we show two channels, the 1 −− and 2 −+ , in Fig. (1) . We observe state-dependent behaviour in our determinations, with greater dilution and number of eigenmode dependence in the (extended-operator) 2 −+ channel. However, in both cases we observe a saturation of improvement from the eigenmodes far below the maximum. It would seem that as low as 20 eigenmodes with colour dilution might achieve optimal results. These calculations were done on the 8 3 ×80 and there is a heuristic argument that the number of eigenmodes to achieve these levels of improvement should scale with the volume.
Isovector correlators
Isovector correlators are calculated using the variational approach with 4 different smearing operators for both light-light and heavy-light mesons on the two different volumes. The preliminary
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Alan Ó Cais operators, correlated fitted masses and χ 2 values can be found in Table 1 . The fit ranges and values are determined using sliding window fits as detailed in [6] . The percentage errors on the fitted mass are displayed in Fig. 2 We can see that the statistical accuracy to which the fitted masses are determined is extremely high, 5% or lower for the vast majority of cases. Most notable however is the large error on the determined mass of the hybrid 1 −+ , it is far above the other states and the excited gluonic path appears to have a large effect on its determination.
Isoscalar correlators
In Fig. 3 we have the sliding window plots of the isoscalar 0 −+ (left) and 0 ++ (right) mesons. Plotted are the masses determined using the 100 lowest-lying eigenvectors in the hybrid method but without a variational basis. These results are incomplete and preliminary and are currently being investigated further. Dilutions more suited to the nature of the disconnected diagrams need to be investigated.
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Conclusions
All-to-all propagator methods make it possible to use all available information contained in background gauge configurations, which are an essential component of isoscalar channel studies. The hybrid method of Ref. [2] allows us to extract the important physics from the low-lying eigenmodes and combine this with a noisy correction step in a natural way. The framework is straightforwardly applicable to decays, glueball mixing, baryons and thermodynamic quantities (condensates and susceptibilities). Preliminary investigations with this method suggest it provides a toolkit to make accurate measurements of the properties of the isoscalar and isovector mesons of QCD even with a low number of low-lying eigenmodes.
